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W AND W OF Maeﬂﬁm
Plgorithmg

* sequence of unambiguous inttructions for solving o problem , ie for
obtaining on owtput for o \egitimate input in o fnite amount of
time

problem

v

mhori’rhm

COMPUTATIONAL PROBLEMS

Stotement of froblem
* Input: o Seqmence of n numbers <ai303;---,00)

¢ Output: o reorder'm% of e input Jequence <0y;0y; 580> tuch
Yoot a; < o) whenever ic

Instance
* Sequence  <53,1,8,37

Aloorithme
+ Seleckion ¢ort, nSerrion Sork, bubble Sort
. Merg,c tork
Quick Sork
Manu moce



SELECTION SORT

Pflgori-khm

for i =1 to n
swap ali] with smallest of ali] ... aln]
min
pass=1 5,3, a’s, 2
min
pass=2 2,(3),5, 8,3

min

Y4
Fass::', 2,55 5, 8,@

4
pass = & 2,3,3,8,@

min

pati=s 2, 3, 5, 5,8

(ode n C

void selsort(int *a, int n) {
int minpos, temp;
for (int i = 0; i < n; ++i) {
minpos i;

for (int j =i + 1; j < n; ++j) {
if (alj] < alminpos]) {
minpos = j;
}

}

temp = alminpos];
alminpos] = alil;
ali]l = temp;



—eD

Statement of Troblem
* Input: o pair of numbers Cmyn)
* Output: e 5{w+u+ wmmon diviser of two non—neaahvc
iuert m and n

EUCLID'S ALGORITHM

ged Cm,n) = ged (n, m mod n)

until the second aumber becomes O

ey: ged (60,21 = gcd (a4, 12) = 9ed L12,0) = 12

H\gori{-hm
euclid(m, n):
while n # 0
r=mmod n
m=n
n=r

return m



(ode n C

int gcd_euclid(int m, int n) {

if (m < n) {
int temp = m;
m = n;
n = temp;
}
while (n '= 0) {
int r=m % n;
m = n;
n=r;
}
return mj;
}
CONSECUTIVE INTEGER C(HECKING ALGORITHM
%cd(nhn)
H\gori*\nm
t =n

while true
r=mmod t
if r=20
return t
else

return 1



MIDDLE §cHOOL PRO(CEDURE

ged (m,rd

A\%oﬁW\m

* Find prime factoritation of m
Find prime focrorisation of n
Find common prime factors
. lompute product ond return i 0$ ged (mn)

Exawmple
ged (32,24)

acd > 2x2%x2 = 8

Sleve OF ERATOSTHENES

o find peime  Numbers Prom | +on

M@othM
for p =2 top =
Alpl =
for p =2 to p ={n
if Alpl = @
j=p*p
while j <= n
A[J]

] J"‘P



romple
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(=2
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P2t
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=95
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— More mew{’abﬂm«( Pretlymy

Sortin

Marchmg

S’ccir\s proceccin%
(»raPk problems
(ombinatorial problems
Ueometrie problems
Numerical problems

Al AR Sl ol

* Dato $tructuvet are \oz%



i1Ssues retLated o0 aL3orithms

. desian a\gomhrm
*eypross  aloorithmg
. prov‘m% wrrecknes

o eflicienc
- heoretical analysic Canolyse performance wfo implementation)

- empirical analytic (measure afker \mplementation — profiling)
* optimality

ALGORITHM DES\GN  STRATEGIES

* brute force
+ divide ond (onguer

* decreage and conguer
* transform nd  conguer
. Qrced\g approuch
NOMmic propcammin
. b(éck’dackix aam& br(a\d/\ and bound
+ Space ond Yime +radeoffe

ANALYSIS OF ALGORITHMS

lower bounds
. opﬂm\'\&g
covyecness
- Yime efficieny
* tpace &Cic\cv«.&



APRIORI ANAUYS\S

. ma\asis Hraomework

.

parametev: input size Corder of matvix, lenpwh of array)
noture of input Ctorked ; beck Jworst case)

resources: time ond space

identify basic operation and Rind number of opevationg

no of times
% LS banc opis

WQ Per{-‘o(ﬁ\e&
execuntion
3ime of ovder of

boatic op arovo’dn
overage (ase

L]

Tn)= C

. eﬁz saqvuem(a\ seavch

* p=prob of (’ir\o\ins in WM pos  (Suceess)
o 0vg no.of cowparisons
. t“"bz (\+1l—3+ +n> P+ n(i-p)

n N no of comparisons for {failuve

tavy = (+Dp «nli-p) = n
- NoT avevage of best ¢ worst case

we uSually look ar worst ease , vot avevage Case



Basic Ope rations

Problem Input size measure | Basic operation

Searching for key in | Number of list’s items,

; ; ) Key comparison
a list of n items i.e.n y P

Multiplication of two sratelt lipsnilon) o Multiplication of
total number of

matrices two numbers
elements

n’size = number of

digits (in binary Division
representation)

Checking primality of
a given integer n

Typical graph
problem

Visiting a vertex or

#vertices and/or edges g
traversing an edge

Volues of Functiont as n -

n [log;n n nlg,n nfP wd 2" n!

10 3.3 10 3.310% 10¢ 10° 10° 3.6-10°
102 6.6 102 6.610%2 104 10° 1.310%° 9.310%7
100 10 10° 1010* 108 10°

104 13 104 1.310% 108 1012

10° 17 105 17108 100 108

100 20 108 20107 102 108

Table 2.1 Values (some approximate) of several functions important
for analysis of algorithms



Order of Growth

L. 0 — biao _
2 0 = Hrea notations
3. N omega
Tl o\\goriw\w\\ Te a\gorimmz
n 10000 10n*
| 1000 10
a 2000 [ 7y)

{ooo leb COWL wW0(¢
llcl; 10" 10> g capidly
00

loo 0 10 1o’
(000D 10’ ! v

¢ oefficients and odolKve conttants on be iwr\orcd

for iz2 4o n- for =2 4o In
& nfio==0 ¢ ny/i==0
break break
T A TR
n n-2 n
\ q 4y
0] 99 q Cinnali
lp* €% lo® lo* P it
0° £19 l0*® 1o




Aswm?\-oh‘c P«m\ﬂﬁs

* kime comp\exna 0S¢ N oo
« suctinek function Gy for foir idea of order of growh

. OlaLm) ® the terof all funttions Wit Swaller o Same
ovdev of lorow‘h ag ¢ gt

. ng tln)= bn+s
ot € cCgCVD Yen k(W E o[am)

tw) € oln®) v

) € 0(n) v e— mosk ocurnte

k) € 0(2") v

upper bound
Ppe represeniu’rim
ag(n)
i(n)

MAK. +ime

Yeprese ntahin

doesn't
maller

> n

Figure 2.1 Big-ch notation: t(n) € O(g(n))



. n%(nﬂ is  lower bound

t(n)
cg(n)

doesn't
malter

Sl omomss gt S e areases s msesesesese

0

Fig. 2.2 Big-omega notation: t(n) € Q(g(n))

. 9(3&0} X Same oound

Lime QS\AMML
ovdev
9L and +n)

doesnt
maller |

Figure 2.3 Big-theta notation: t{n) € ©(g(n))



0-Notatim

fln) s OGglnY), denoted oy fm € O(scvm i€ ¥he ovder of

3‘0‘”*’\ of £(n) < ovder of growth of o conttant wulple of
OCVD

there exitke o positive tonttank ¢ 0Md o non-nepdive number
np tuth Haat

B ¢ cauo by ol n>n,

- Notohen

tln) s SLQnY), denoted ‘°‘6 £ (m) éSL(szm i€ ¥he ovder of

arowh'\ of Yl > ovder of grovoth of o conttant wmutiple of
OCVD

fhere exickt o positive tonttank ¢ and o non-nepive number
No tuch ot

kLin)2 Cetﬂ') fsy al' n>n,
B- Notah

tln) s O QtaY), denoted oy % (n) eecscvm ¢ e s
bounded ot obove and below by Some positive constank multiples
of ) for 01l lage n

there exict tome positive tonttanks c, and co and Some nonnegative
nuMber np tuth that

Czaclﬂ) < £ln) &c‘a(:n) fovy all n2n



geow  no yan (OW no
S\ower \ /[ 0 fuster ¥han
an 2
( S lony, (gcgcm)
O
< \
row at +the
some tate
TRIAL s« ERROR
9 12n'48 € O(n?) < cgn) ¥ nxn,
£ gm)
not for ny=0
1Zn*+8 < 12n*+Qnt No=1,2, ...
c=20
L =|

120*+8 € 0(n*)

6. (000 +5 € o(n)

(00On +5

< 10On4nNn No =56, .-

<€ loln



8. 12n*r n¢s ¢ 00D
12ty N +5 S1BRT e S | npcli2, ..
Znt4n+5 € 19 nt

"o =)
c=19

&: wn> € n(a?)
Flr) = Qach‘)

Q 2
n* 20" s ng=0))..

8. ntn € H(n?)
Nt ¢ an N, =0
N%HN< 0Xxn®  Ng=D

C’_ = \ Ql = Q no—’o



— Hheorem,

9 6n2-8n €6(n)

kN
6n*-8%n < bn N, =0

G =6
6n*~8n > pn2- -8_1\_1 No= O

6-8 = -1

W ¢,(n) €0Cg(n) and €,.0n) eoC%,cvm, nen

£ + 0 € O (onox (), 2,(0))

Hne avm\eaous octeckiont are rrue for S -notation and 6- notakion

' e;‘:)‘- Snl+ ‘Zmlo%n & o(n*)

) € ¢, QM , n2n — Q@
Lalm) € € 9a(n) 5 21, — ®
(O
V) + £, & G o) ¢ cz%—,_(v\) ty= maxle, ¢)
< ¢y (g,tm) ¥ 4, (nT)
€ Ay Max Cg.(n’),g,(n)) n3—,mo\x(n.>f\1)
C= Ly
Np = n;

S d(ln) 4 tun) EO (mm«(g\cvo ,ﬁ-,(n)))



Bir\arﬂ Search

* preveguisites
- ontrant random  0ccest Hme
- (orred elements in an array

. 3ood .sor-l—ina a\taori{—hm: r\lobn
searchmﬁ-. loa 0

.. binary Search € oCn\o%n')

0, ovder of growtn of tlm)¢ on)
B -
na glm C70, order of growhn of t(n) =9t

0, Ovolec of %mww\ of ) > gcn)

« li¥He-0 wnotation
o Strick (r\e@m\i’ﬂj
blm) DT gt k) € olglnd)

— L'hGpitals Rule

€ wm ) = um atn) = @
n-a Nn-Ix

Wnm A s Um £
n—200  on) N2 Hnd




SHrln\@‘s foymula

n o @-nn)‘h (%)“

Q: (ompare  growdn (o of Ioa n oamd n
tln

) atn)
M lO n = ‘n = | = D)
NI —%- 'LI' n
tln) < 6&\')
1051\ ¢ n
logn € oln)

2

Q: lompare  growdn  cartes of Laln-D ve n

2 4w Qi)
Lbwm Mn1J)2 = uwm M- . pam
n- 00 7‘/" nNS% 2N n-s e
P | 0

_\?___ncnﬂ L 6(n>)



G Lobn ve (n

£l 3(\0\
Dy loaf) \ZO = bwm Ayn
n-) & A )00 \/z((', no® 7N
= I 8 =0
NN 0
" Small 0
logn ¢ o(m)

& (=D =4nd | find wvder of growth

Assume 5(10

20
n

(})

I _(ﬂ?ﬂlf = bwn 274( |+ \/n’)w = bm [ ‘\'.|_')'°
Nn->00 n° n - ,);U N9 n?
= 1 >0

tmad O
e o oo
. %) e o(n*)

8: Fid ocdec of growth of | ppteTntd = tln)

AStume ﬁtn): n



vy \/1002:\71013 = U A J10+ Uy +32

N=)x )9 & 9/

= lo 20

Craall 6

e
~Aonzants ¢ e(n)

B: Find order of growih of o™ 4 Lion

. n+) ol | .
I I SR Yo &\t@_}ﬂ 4 3
n- o 3N NN 3x3"
- D&l >0
K}

(49|

2 3" e sl™)

Q: a"\ v$ Nl
£lw) 9ln)

Selrlings formula: % G\WfD‘/z (12\_3“

T T O v
(0

n-Hc n! = :
' N (Qﬂ)"'m ) n @ {dq

= ,U\;VV\ | 2&“ \ I}’ -
= (‘n‘) (‘n‘) =07




aN & olal)

Q- 3n1;5“¢ nlos(\ E Qtnl%ny
tln) 6(.\!\)

Lwm 30%3" % alogd = fwn 3+ AL

| %4

N-xR nt 3" A=Y h 3"
= 34 Mw  logh = 3+ L ‘/Q
NARN 3" NN 2NL n Y 1033
=3+ wn | =% 720
-1 n'b"+n‘5“nlog_\3

InZ 3" ¢ nloyn €0 cn23")

Q: nhené€ O(“") US‘\I\O Mial-erre o limils

5cm-—|rL5
%“)91\2-\-7\
il -erw” N ks
nE £ winen” Iowy £ - n*xa
Atkn & P+ 0 o0 D Koo n®
hten € 2
No =0 lan | 4l = O
C=X AROxw N n

Nten &oln?) =) nten & 0(n?D



n"?-\—‘\-n'" ¢ sl I’\z)

1ln> 8"
Ariol - exvvy itk
n’+bn 2 tn“ v nxnt MmNt =
n-a N> h=- ®
Ne= O
c=% S n®xbn? € wlnt)

A n*+ 4t € SLn?)

PRORERTIES of ASYMPTOTIC ORDER of GROWTH

L £y € 0 (£mY)
2. fmy € o(g)cm e g € SL(FY)

e

& fr) € O(SCHD and 3&\3 € O(h(nY), +then
£end € OCInY kmmiﬁu’ﬂ—s

ol

if £l € 0(9 ) ond £,(mE DC%—;.(M) Hhen
BIn £, € o(mamq\m 9ol

£> DU = © (8 1))

lv\

GI'I

([

. D € B , LB and 0(EWD reG\eﬁv‘\*\é



—— ORDER of GROWTH of IMPORTANT FUNCTIONS

LA (oﬁ fancions be(ov\& tv Same dass

logan = loy,n = log 0 = lopn
log,_a. log , & k

o( L05 n)

2. M\ polynomials of Sawme degyee L \odwb o Same  clags

L\
an"t q_n +...ta, € 8(nY)

3. txponential funcime o have different oders of prowth
Por difforent o'

b O(lgnd < o(w?) (>0) < o(a™ ¢ 0(n) ¢ oln"™)

e 40

polyno mlal Hme now - d eterminishc Folbmmio\i
complexity (NPD
4 non-tactable (NL)
tractade ()

wn be impemented

W\BAV\;V\&GA“(O



o — b@caev\% of Non-Rewrsive P:\boti’rhms

Pmo\\%;is

I Decide on parameter n - input Gie

A dentify bosic operntion

5 Detumine bet, overage ond wortt cases for inpwr gie n
G Sum for no. of dimes Lotic operation s executed

5. Simphfy sum using fowulat ond  cules

Sumwiain  Forwaulag & Pules

2o e 1t l4t] = u-L x|
n
g L= n-14) = ne 6l
()N
L &) iz l42v.4n = 0lnd) € 6n*)
7

N
3.8, 1t Mt an' = nlarD) (2n«l)

1= 6
2 L - 2 N '\"\-I
&. 8 at = +at+a't.-fa = a

iz0 Co-1)



(7
S A =2 e ™) e o2t

(=0

M
£t

M n
a; = LAt & g
=2 (=m4|

6 Slath) = Ga; £ Eb

2 &ca; = cZa;

8: Find z@‘cw.ma of QM" PYOATOM — Max element

ALGORITHM MaxElement(A[0..n — 1])
//Determines the value of the largest element in a given array
/[Input: An array A[0..n — 1] of real numbers
//Output: The value of the largest element in A

maxval < A[0] e no of tterafing
fori < 1ton—1do

if Ali] > maxval e t-‘"‘"P(l‘riw’\ s latic op
maxval < Ali]
return maxval

n basic o?emﬁm
sz 5 15

izt
£0h) =2 N\ -4l = n-l

e nA = | D n-\ € 6(n)

N X (a



Unigue elemewnds

Q- ALGORITHM UniqueElements(A[0..n — 1])
/Determines whether all the elements in a given array are distinct
/Input: An array A[0.n — 1]
/Output: Returns “true™ if all the elements in A are distinct
and “false™ otherwise
fori <~ Oton—2do
for j —i+1ton—1do

if A[/]= A[/] return false

return true \> (DM?Gﬁsm Yoaric O?U‘ﬂ‘\;\ﬁ\f\

n-1 o\
L = 22 (_8 1)

)
1
\
b

"
>
‘\_
&
>
\
)
“+
+

(<
d
2
[on]
2
(U
2
O
[}
S

o 0n = wm L - =t Y_}Lv;_\)_ ¢ o(n?)
7

Nn<)® an? N 2 2N



Mokyix MWK pl( ahon

6: ALGORITHM MatrixMultiplication(A[0.n — 1, 0..n — 1],

B[0.n —1.0.n —1])
/Multiplies two n-by-n matrices by the definition-based algorithm
/[nput: Two n-by-n matrices A and B

//Output: Matrix C = AB
fori <0ton—1do
for j <0ton—1do
C[i. j] < 0.0
fork —<0ton 1do

Cli. j1 < Cli. i1+ Ali, A]»:B[A il

return C u.\-h UV\A.
adj batic 0‘>
n-l ol
kW= 3 i’ |

120 J= =0
A

- ? g n
0 j:o
n-\

- Z nt
=0
s

- n c e—(n”)

hoausian Eliminadion
ALGORITHM GaussianElimination(A[0..n-1,0..n])

//Implements Gaussian elimination of an n-by-(n+1) matrix A
fori< Oton-2do

forj< i+1ton-1do
for k < itondo

AL, K] < ALK - ALLLK] * AT 7 ALLT]T pasic op
N

Find the efficiency class and a constant factor improvement




EOCI IR A AT A S Y
120 J.oul t=i iz0 J:iﬂ
N7

= & (e AN D)

=0

a-2 n-1

£ (n-d-1= & n* -2in+i’-|
1zp 120

n-1 A=l n-1>
2"'\"2"£t + Zi"

120 )

: (-NOED - n (DD 4+ (0-D (n-D (3n-3)
X 6

= Wopn-nttl - nlntana) + (n*-n42)(n-3)

) ——— L,—v-_} ¢
oln®) k—_\f\/

9 (‘—n$> O CV\S)
: B8(n>»

S- COur\W\Q bit\ana o\'\g)'\‘rs Ta.q,uird fox  decimal o,

ALGORITHM Binaryv(n)

Input: A positive decimal integer n
Output: The number of binary digits in n’s binary representation
count <« I ‘ +'
Fills s <1 0 n tmeg
\\IHIL /,. | do E'— %1_ (© 585451 9)
T2y basic op halvingy effeck
return count

4(n) = 6 (logn)



T k@l‘dem\(ﬁ of Rewrsive P:l@o(i’rhw

Ano\\%sis

- Decide on parameter n - ‘m?u\\' Gle
Q. Mevﬂ'i(‘g basic o?cmh'm

5 Determine bet ) overage ond worst catec for input fue n (no.
of fimeg basic op it executed varies M differert inpuis

of e tame Sie)

4 Sek up rewsrence relavion preferved limiked wee

i g
s. Sole recurrence bﬁbad«.waro\ subcrirubion . fevoocd Subtthuhon,
Masters  Theorem

6: facksrial
ALGORITHM F(n)
//Computes n! recursively
//[Input: A nonnegative integer n
//Output: The value of n!
if » =0 return 1
else return F(n — 1) xn

£y = £Fln-0) # 0

otic op: No. of maliplicahions

M) = Mn-D x| Jrecurrence relotian



forward  Subghinh on poackward Subthimbm

(0] n-1\
| N\-2L
2
n 0
Tnikial condihion
M(0) = O
M) = M(n-V) +)
= M(n-2) x2
c MLn—Z} 72
= M(D) +n
M) € 6(n)
8: fowers of Hanoi Mmove 4o
- 1 A S
7 N
/7 N
n{ ‘ .
[ B c
Csouree)



Pc\ﬁorin\M'- Hanoi (n, 8, & ,d)

ic N\

move disk from $§ ‘o d
vekurn

Hanoi ( n\, 8,4, €)
move dite from ¢ 4o d
Wanot (n-lJ %, 8, d)

= o

Recurvence relaHm: wno . of moves

M) = Mn-D 41 +* M-I

A M(n-N +\ n >\

Terminahon  Condifion = M (D) = |

MCnN) = 2 Mn-DN +)

R (Amtn-2D) t1D « )

at Mln-2) + a¢)

A (Amin-mD4 1) «2+)
— 2> MIn-3) + a4 24\

(3]

(L

i . [ R
= & MOn-i)+ Q" 274 w240
Per i=n-

-2 03

‘MCD +Q“42 AL v %)
MeD + 27 -

. o) |

2 -1

N
2
N

R el

MWD & 6 ™) G——exponenh'al



Recursive 4tree (2 treedd)

/ n\m
N D
1/2\'1"1/2\1 1/2\1 1/&1

8: Counting

b\narta o\\g)\’rs faq,u\rc.d Lox decival  no
Creun(sive)

ALGORITHM BinRec(n
/Input: A positive decimal integer n

//Output: The number of binary digits in n’s binary representation
if » =1return 1

else return BinRec(|n/2]) + 1

Reaurvence celabign: number of

AMACINS
Aln) = ACLARD) +]
Terminodion  condition n=3"%
AL )= L ‘0‘3:_“
A5 = R D¢l
= Al M) %2
= A" el
Lol -

ACC) vk
|+ w

({]



ALAY) = kL

ALY = L+ lbg,&n € BCloan)

UW\& Smoothwess  relakim | A = anyy value
AL =1 ¢ log,n € 6 Loy ™) ¥ n

8: xln)=3z(nd) 2)=4

x(M) = 3 xn-1)
= 3 aln-2)
= ?,(' o (n-LY)

L

‘I

>

\

W [}

Qa
3nx D)
34

aln) € 6(2")

| &

6: xln) s xlnf2) +n | %D =) n=2

)

2’ =

al29)~ x ("™ + 2"
2 M)+ Ak« L
o ()« ameat gL w2 T

nov

x (%) + "+a+.. 42
= x Q)+ av»

P
(4
F

[A)



) = | + 2Aln-\)
= an-|
) ¢ 0(n)
Decvease oy One  Rewucrence  Relodion
\V}
T =

Tn-Y) + s‘ome-\'hin@

Decrease ou Facter Rowwcrence  Reladion

Ttn) = aT(n[b) * Some+hinﬁ

MASTER'S THEQREM

non-decreasing funchon
e ]

T = o TChD + §n) 5 n=b“ , k=1,2,3...

= c |, A2l b2l c20

L fm) € 0Cn) where d20
Soludion:

[ 0(n?) a <

T = 4 9(\'\0\ log n) N = bd

e ( “logkt\ )

a >
\.



6: xln) = 1ln)2) 4n

,xnz=) ,n =a* us‘\f\a Mastec’s  Theorem
xLW) = |- xln)2) «n A=, b=1,c=
x(O =1

ne elnm d= |

- ophying Macters Theovem

b*

-

o =|

Q

a ¢ B

x(n) €& O(n)

Q: ) = xln|3) + |
x(\) = |

Masterls  Theovemn

o=l =3 A0 e=)
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