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Design and Analysis of algorithms

Algorithms
°

sequence of unambiguous instructions for solving a problem ,
i - e for

obtaining an output for a legitimate input in a finite amount of

time

problem

algorithm

✓

input , computer > output

COMPUTATIONAL PROBLEMS

sorting
Statement of Problem

° Input : a sequence of n numbers Lai , az , . . - , an >

° Output : a reordering of the input sequence ca , .az , . . . , an > such

that ai E aj whenever icj

Instance
° Sequence ( 5,3 ,2,8 , 37

Algorithms
° Selection sort

,
insertion sort

,
bubble sort

° Merge sort
. Quick sort

. Many more



for i = 1 to n
    swap a[i] with smallest of a[i] ... a[n]

void selsort(int *a, int n) {
    int minpos, temp;
    for (int i = 0; i < n; ++i) {
        minpos = i;

        for (int j = i + 1; j < n; ++j) {
            if (a[j] < a[minpos]) {
                minpos = j;
            }
        }

        temp = a[minpos];
        a[minpos] = a[i];
        a[i] = temp;
    }
}

SELECTION SORT

Algorithm

pass
-

- I 5,3, ②
" 8mi
,

"

3
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,
3
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,
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←
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-
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-
- 5 2

,
3
,
3
,
5
,
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Code in C



euclid(m, n):
    while n ≠ 0
        r = m mod n
        m = n
        n = r
    return m

GCD
Statement of Problem

° Input : a pair of numbers cm
,
n)

° Output : the greatest common divisor of two non-negative
integers m and n

EUCLID'S ALGORITHM

gcd Cm , n) = god Cn , m mod n)

until the second number becomes O

eg : gcd ( 60,247
-

- gcd (24,12) = gcd ( 12,07 = 12

Algorithm



int gcd_euclid(int m, int n) {
    if (m < n) {
        int temp = m;
        m = n;
        n = temp;
    }

    while (n != 0) {
        int r = m % n;
        m = n;
        n = r;
    }
    return m;
}

t = n

while true
    r = m mod t
    if r = 0
        return t
    else
        t = t - 1

return 1  

Code in C

CONSECUTIVE INTEGER CHECKING ALGORITHM

gcdcm ,n)

Algorithm

I



for p = 2 to p = n
    A[p] = 1

for p = 2 to p = n
    if A[p] ≠ 0
        j = p * p
        while j <= n
            A[j] = 0
            j = j + p

MIDDLE SCHOOL PROCEDURE

gcdcm.rs

Algorithm

° Find prime factoirisation of m
• Find prime factorisation of n
• Find common prime factors

° compute product and return it as gcdlm,n)

Example

gcd (32,24)

3: : :O:*:*:*
god = 2×2×2=8

SIEVE OF ERATOSTHENES

to find prime numbers from 1 ton

Algorithm



Example

I 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 2324 25

i -- 2

I 2 3 41 5 6 7 $ 9 10 11 IX 13 1/4 15 1/6 17 18 19 210 21 2/2 23 2/4 25

"23 3 41 5 6 7 8 91 10 Il IX 13 1/41/5 1/6 17 18 19 210 2/1 2/2 23 2/4 25

i -- 4

I 2 3 41 5 6 7 8 91 10 11 14 13 1/4 1/5 46 17 18 19 210 2/1 2/2 23 2/4 25

25 3 41 5 6 7 8 91 10 11 1/2 13 1/4 1/5 46 17 18 19 210 2/1 24 232142/5

more computational Problems
i. sorting
a
. Searching
3. String processing
4. Graph problems
5 . Combinatorial problems
6
. Geometric problems
7. Numerical problems

° Data structures are key



issues related to algorithms

° design algorithms
°

express algorithms
e proving correctness

o efficiency
- theoretical analysis (analyse performance w/o implementation)
- empirical analysis (measure after implementation - profiling)

o optimality

ALGORITHM DESIGN STRATEGIES

° brute force
° divide and conquer
° decrease and conquer
° transform and conquer
• greedy approach
• dynamic programming
°

backtracking and branch and bound
• space and time tradeoffs

ANALYSIS OF ALGORITHMS

° lower bounds
• optimality
• correctness

° time efficiency
. space efficiency



A-PRIORI ANALYSIS

° analysis framework

• parameters : input size Corder of matrix
, length of array)

nature of input (sorted ; best Iworst case)

• resources : time and space

. identify basic operation and find number of operations
← no. of times

° Tcn) = Cop * Ccn) basic op isr

performed+
execution

order oftime of
basic op growth

average case

-

eg : sequential search

'

p
-

- prob of finding in ith pos (success)

c- avg
no . of comparisons

°

targ
-

-
I-121-3-1 . . - th

p t n Cl
-

p)

n Tno of comparisons for failure

tavg
-

- (htt) p en Cl
- p) a n

° NOT average of best q worst case

° we usually look at worst case , not average case



Basic operations

Values of Functions as n → a



Order of Growth

1. 0 → big 0 notations
2. 0 → theta

3. r→ Omega

T1 algorithm 1 T2 algorithm 2

n 1000h 10h2

I 1000 10

2 2000 40

4 4000 160 grows more
to 104 103 rapidly
100 ④ ⑤
1000 106 107
10000 107 109 ✓

• coefficients and additive constants can be ignored

simple Prime checker

for i=2 to h-1 for i=2 to rn

if n.fi ==o if n.fi ==o

break break

Tdn Tarn

n n -2 rn

11 9 2

101 99 9 primality
1061-3 106 103
10*-119 1010 105



Asymptotic Analysis

° time complexity as n -is

• succinct function gcn) for fair idea of order of growth

• Olgin) is the set of all functions with smaller or same

order of growth as c. gcn)

•

eg:
tch)-- 6h-15

if tch) E ccgcn) then tch) E Olgin))

tch) E 0cm) V

ten) E Oln) V ← most accurate

tch) C- OCT) v

upper bound

representation

Max . time

representation



• rcgcn)) is lower bound

o O ( gcn)) is same bound

same asymptotic
order

gcn) and tch)



O-Notation

f-Cn) is Ocgcn)) , denoted by Hn) C- 0cgCn)) if the order of

growth of fin) E order of growth of a constant multiple of

gin)

there exists a positive constant c and a non- negative number
no such that

f-Cn) E C gcn) for all nZ no

r- Notation

tch) isAgen)) , denoted by t Cn) Erfgcn)) if the order of

growth of tech) Z order of growth of a constant multiple of

gin)

there exists a positive constant c and a non- negative number
no such that

t.cn) e cgcn) for all nZ no

O- Notation

tch) is O Cgcn)) , denoted by t Cn) C- Ocgcn)) if tch) is
bounded both above and below by some positive constant multiples
of gcn) for all large n

there exist some positive constants c , and ez and some nonnegative
number no such that

Czgcn) Etch) E c , gcn) for all n Z no



grow no

slower \
,
I Fatter than

than

rcgcnDOCgcndocg.cn))

n

I
grow at the
same rate

TRIAL a ERROR

Q: 12h48 E 0cm) fcn> Ecgcn) f n Zno
f-Ch) gcn)

not for no -- O

12h48 E 12h't SNZ no -_ 1,2 , . . .

C
-

-20

no =/

12h48 E Ocn')

Os : 100m -15 E Ocn)

100N -15 E 100m th no -- 5,6 , . . .

E 101N

( = 101

no = 5



Q: 13h't n -15 C- 0cm)

13h21- n +5 E 13h
'
th
' -15N

, no
-

- 1,2 , . . .

13n2tnt5E 19 n2

no =/

( = 19

Q : n
's Ercnz)

Hn) Z cgcn)

n
's Z NZ for no -_ 0,1 . . .

c-- I

no -_ O

Q: nth EOCNZ)

NZ E n'th no = O

NINE n2tn2 no -- O

Cz = I c
,
= 2 no -0

d: n
Too

C- rcn)

I Z th no
-

- O

100 200 C =L
200



Q : 6h2- 8h EOCNZ)

6n2 - 8h E Gn
'

no -0

4=6

6n2- 8h Z 6n2- 8hL no -- O
T

Cz -- 5

6-8 Z G - l

theorem

if t.cn) E 0cg,Ch)) and tzcn) E Ocgzcn)) , then

tin) ttzcn) to (maxcg.cn) , gun)))

the analogous assertions are true for S-notation and O- notation

°

eg
! 5h't 3h login C- 01h27

Proof

tech) E C
, gin) ,

n Z n , → ①

tzcn) E Czgzcn) , NZ Nz → ②

① c-②

tech) ttzcn) E C , gin) t Czgzcn) Cz-- MaxCa, Cz)

E Cz (g.Cnt gain))
E 2cg Max Cg , Cn) , gin)) nz--maxcnnnz)

c=2C3
no = n3

-

: tin) ttzcn) to (maxcg.cn) , gun)))



Binary search

• prerequisites
- constant random access time

- sorted elements in an array

e good sorting algorithm : nlogn
• searching : log n

i
. binary search E O Cnlogn)

limits theorem

neighs tgcyn, = {
°
'
order of growth of ten) , gcn,

C 70
,
order of growth of ten) = gcn)

*
,
order of growth of ten) > gcn)

° little- o notation

←
strict inequality

ten) ④ c gun ,
ten) E ocgcn))

L' honpital 's Rule

if Lim fcn) = U'm gcn) = A

ma n -7

win fan)
n-7 get

= htt! FYI
g
' (n)



Stirling's Formula

n ! = @tin)%⑦^

Q : compare growth rates of log n and n

ten> gln)

dim longs = YI = In = 0

n→a

i. tln) ( gcn)

login en

login E ocn)

Q : compare growth rates of tgncn
-1) vs h2

t.cn) gcn)

him
n→, HY¥

= him In = figs E- Enn→a 2h

=¥ 70
✗
small 0

i. ztncn-17 C- 0cm)



Q : login vs rn

th) gcn)

units
'

off
-

- Lisa ¥rn
-

- hint. and

= bins
n→ &

= O

← small 0

Wgn C- own)

Q : Htt)
"
-

- tch)
,
find order of growth

Assume gcn) = no

10

him cnn -

- lning.MY#--lningsCtntD
"

n-7

= I 70

←
small O

.
: (n'ti)

"

E O (no)

Q : Find order of growth of ion
'
+ In -13 = tch)

Assume gcn) = n



lim 10n4n7nt3 = things n/ long yn -1%2n-70

= to 70

←
small o

.

-

. 10h47n -13 E O (n)

Q : Find order of growth of 2^+1 t 3^-1 = ten)

gcn) =3
"

←
fraction

eim nt3
'
= nlnjms 2x + I

n-is 3×3
"

= Ot Iz S O

i . 2^+1+3^-1 E o ( 3h)

Q : 2n vs n !
tch) gcn)

Stirling's formula : n ! I @TINY
' n

Lif 2nF = hima = him @el
n-70 @njkrn nn n -7 A 2nF rn

= Fifa ¥ ⇐T #
'k

-

- oxo



i. 2h C- ocn !)

Q : 3h23
"

-1 nlogn c- o(n23n)
tcn) gcn)

lim
n,,

3h23
"
+ nlogn = eins

n→•

" ¥g§n_n23n

= 3-1 him Yn
n→a 109¥ =3 -1 him

n n-10 3n+n3^log3

=3 -1 lim I =3 70

n-7A n3n+n23nnlog3

i. 3h23m + nlogn c- oCn23n)

Q : n4nEO(n
') using trial - error 6 limits

gcn)=n3

t.cn?--n2+n

trial -error limits

n4nc-nztn.nl him tend = limn4nnt-nc-h2.in-1ns n→ a gcn) his m3

n'+n I 2h3

= him 1no -0

n→ , I
+¥ = °

c--2

n2+nfoCn3) ⇒ n2tn C- O(n3)



Q: n3t4nZ E rcn?)
tch) gcn)

trial- error limits

n3t4n' Z 4h
' brim h3t4n'

n-is Ta
= nhjms n -14 -- a

no = O

C = 4
.

'

. n3t4nZ E wcn')

⇒ n3t4n2 EACH)

PROPERTIES of ASYMPTOTIC ORDER of GROWTH

1 . Hn) E O (Hn))

2
.

f- (n) E O (gcn)) iff gcn) Er(fcn))

3
.
if fcn) E ocgcn)) and gcn) E O Chen))

,
then

f-Cn) E OC hcn)) transitivity

4. if f.Cn) E 0cg,Cn)) and fin) C- Olgin)) , then
fin) tfzcn) E OCmaxcg.cn) , gun)))

5 . €
,

Ocfci)) -
- O ( ⇐ fci))

G . fcn) E OcfCh)) , AlfCh)) and Ocfcn)) reflexivity



ORDER OF GROWTH of IMPORTANT FUNCTIONS

1 . All log functions belong to same class

logan
-

-

Yozgat
-

- i:g÷= loft

Oclogn)

2 . All polynomials of same degree K belong to same class

aknktqe.in
"
t
. . . t go E O (nk)

3. Exponential functions an have different orders of growth
for different a's

4 . Ollogn) C O Cnd) Ca > o) C Oca
"
) C Och!) Loch

"

)
--

polynomial time non - deterministic polynomial
complexity (Np)

CP) non-tractable (Nt)
tractable Ct)

can be implemented

meaningfully



Efficiency of Non - Recursive Algorithms

Analysis

1 . Decide on parameter n - input size

2. Identify basic operation

3. Determine best
, average and worst cases for input size n

4. Sum for no
.
of times basic operation is executed

5
. Simplify sum using formulas and rules

Summation Formulas 4 Rules

I . ⇐e I = It It - - - t I = U -l + I

€
,

I = n - I -11 = n E Ocn)

n

2. E i = It 2T . . .tn = nCn# E 0cm)
i =L

3 . €
,

i
'
= 12+2't - - - + n' = n Cn -11712htt)

6

4. € ai = It a ta't . . .tan = an" - I
-

O ca- I)



€02 " = It 2+22-1 - . - t 2
"

= 2
" '
- I E OCT)

5. Ete ai -- Ie ai t Imai
6
. E lait bi) = Sai t Ebi

z. E Cai = CE ai

Q : Find efficiency of given program - Max element

← no of iterations

c- comparison is basic op

ten> =

,

1
←

basic operation

tch) = h-I - It I = n - l

lim nnI = I ⇒ n- l E O (n)

h-7A



Unique elements

Q:

↳ comparison basic operation

ten -

- Eisen: 't
n-2

= E n- I - it ex

i10

n-2

= E n - l - i
i --o

= n- I t n -2 t . - - t I

= (n- 17 (n) = n
Z
-n

- -

2 2

lim n
'
- n

n→a Tna
= LIT, I

-

In
-
- I ⇒ ncn Eocnz)



Matrix multiplication
Os:

←
multiply and
add: basic op

n-I n
- l

n- I

tin) = E E E l
i-
-O j--O K --O

n- I
n-I

= E E n

i-0 j--o

n-I

= f n
2

i --o

= n
'
E och})

Gaussian Elimination

B:

basic op
→



tens.EE Ei . -

- Eigil . n - in
n-2

= f Cn- I - i#Cn -i -11)
i--o

n -Z n-2

= E (n-i )
'
- I = E n

'
-2in ti

'
- I

i=o i--o

-
- Ein. - an .¥i. -iii.
= (n-Dcn

'
-D - An Ln-2,27

Cn-D t (n -2) Cn-D (2h -3)
6

= n3 - n -n'+ I - n (n
'
-3h -12) + (n'-3h -12)(2h -3)

- W 6

OCn3) 01h37 -
Ochs)

= O(n3)

Q : counting binary digits required for decimal no
.

c- logan times
16 → s → 4-72-71

↳ basic op halving effect

tch) = O ( logo )



Efficiency of Recursive Algorithms

Analysis

i . Decide on parameter n - input size

2. Identify basic operation

3. Determine best
, average and worst cases for input size n Cno

.

of times basic op is executed varies on different inputs
of the same size)

4. Set up recurrence relation

←
preferred limited use

←

s
.
Solve recurrence bybackward substitution , forward substitution

,

Master's Theorem

O : Factorial

f-Cn) = fcn - I) * n

basic op : no . of multiplications

Mcn) -- Mln -D + I 7. recurrence relation



Forward substitution Backward substitution

0 n- l

l n-2

2 :
^ ,

(
,

h o

Initial condition

MCO) = 0

Mln) = Mln- 1) + I
= Mln-2) +2

= Mln - 3) -13

:

= MLO) + n

Mcn) C- Oln)

Q : Towers of Hanoi more to

" 1⇒ggz⇒ -
-

-

-

-
-

,

,

,

"

'

→

A B C

Csource) Ctemp) Cdestination)



Algorithm : Hanoi (n , s , t , d)

if n -- I

move disk from s to d

return

Hanoi ( n-I , s , d , t)

move disc from s to d
Hanoi ( n-I

,
t
,
s , d)

m-n.

M T- I-

-

Recurrence relation : no . of moves

Mln) = Mcn- t) t I 1- Mln- t)
= 2 M (n - l) t I

,
n > 1

Termination condition : MCD =/

Mcn) = 2 Mcn-D
-11--2( 2Men -2) Tl) t I
= 22 Mcn -2) t 21-1
= 22 (2M (n-3) t t) t 2+1
-

- 23 Mcn -3) t 22-12-11

= 2
't
Mcn - i) t 2

"'t 2"'t . . it 2+1

for i -- n- I
= 2^-1 MCD t 2^-42

" -'
t . . .

-121-1

= 2^-1 MCI) t 2^-1 - I

= 2
"
- I

Mcn) c- OCT) ← exponential



Recursive tree C2 trees)

Q : counting binary digits required for decimal no
.

Crecursive

Recurrence relation : number of divisions

A- (n) = ACLN/2J) -11

Termination condition n --2k

A (207=1 k= logan

A- 12" ) = A (2^-1)+1
= A (2k

-

2) +2
= A (2k

- i
) + i

i=k = A (2° ) + k
= I -1k



A- (2K) = ltk

Acn) = It logan C- Oclogn)

Using smoothness relation
,
n -- any value

Acn) -_ It logan C- Oclogn) f n

Q : Kch) =3 xcn-D yall)
-

- 4

x Ch) = 3 xch - t )

= 32 x (h -2)

=3
i xcn -i)

i -- n - I = 3^x Cl)
= 3^-4

xln) E OCT )

Q : Nh) I KCh/2) th
,
XCD =/

,
n -- 2K

x. ( 20 ) =/

KC2K ) -- x (2h
-t ) + 2K

= x (2K
-

2) t 2" -12
""

=
x (2K

- i ) t 2kt 2k
- '

t . . .
+2
" -it '

i - K = x (20 ) t 2
"

-12
"'t

. . . t 2

= x (20) + 2 ( 2K - I )



Kch) = I t 2 (n - l)

= 2n - I

xcn) E O Cn)

Decrease by one Recurrence Relation

Tcn) = Tcn - 1) t something

Decrease by Factor Recurrence Relation

Tcn) = atcnlb) t something

MASTER'S THEOREM

←
non-decreasing function

Tcn) = a Tcnlb) + f-Cn)
,

n -- b
"

,
K -- I

, 2,3 . . .

TCI) = C
,

AZ I b 22 c > 0

if fch) E O Chd ) where d 20

Solution :

O (nd ) a Cbd

Tcn) --
found

log n) a = bed

| O ( n'09 ba ) a > bed



Q : Nh) = Nhk) th
,
x CD =/

,
n -- 2K using Master 's theorem

Kch) = I - xchlz) t n a =/
,
b -- 2

,
C
-

- I

KCI) = I

n E Ocn) D= I

-
:
applying Master 's theorem

a = I bd = 2
.
: a Cbd

Kch) E O (n)

Q : Nh) = xCnI3) t I

sell 7=1 Backward substitution

Master 's theorem let n =3
"
⇒ K -- logon

a -- I b.=3 d -- O c = I x(3k) = xC3
" ") t l

X ( 30) = I

a = bd
I -- I xC3

") = x (3"
- '

7+1

= X (3k
-2) t I -11

.

'

. Kch) E Ocho log n) = x (3
" -3) tltltl

= x (3k
- i
) t i

xcn) E Oclogn)
for i -- K

,
KC3

" ) = x ( 30 ) t k

k Cn) = It logzn

xcn) E O Clog n)



Q : Algorithm Scn)

if n -- I return 1

else return Scn-D t nxnxn

is Recurrence relation ?

dis order of growth ?

←
basic operation :

cis Mcn) = Mln-D t 2 multiplication

dis meh) -- Mcn - D -12

= Mcn - 2) t 2-12

= Mln - 3) t 2-121-2

= mln - i) t Li

for i -- n - I
= MCD t 2 (n - 17

= I t 2h - 2

= 2n - I

i. Mcn) E O Cn)

Q : Fibonacci Numbers

F- (n) = Fln-Dt Fcn-2) for n > I
F- (07--0

F-Cl) =/

• cannot solve with simple recurrence relation

°

Homogeneous second order linear recurrence relation



HOMOGENEOUS SECOND ORDER LINEAR EQUATION

° with constant coefficients

Auch) t bxch-t) t c x (n-27=0

• to solve
,
characteristic equation must be solved :

ar't brtc = O

T based on roots r

if r are real 4 distinct : Fcn) -- arent Pran

° For Fibonacci Numbers

F- (h) - f- (n -D - Fcn-2) = 0

a - I

b. = - I

C = - I

. characteristic equation

✓
2
- r - l -- O

r -- I ± l 't 4

2

r = It 5

2-
→ real Eg

distinct



Fim -

- altars)
"

+ Pl ' I

Flo) -- O =L tf ⇒ a = - B

FLI) = I = L (HII) tf ( tf)

i -- -

p(II)tp( )

-
- pf - I -rsztt

-rs) -- P f - rs)

p
-

- ¥. a

Fin -

-

¥ (HII)
"
-

( 'II)
"

-
- ton -¥9

"

Fcn) C- Oton ) 01=1-2551

Basic operation : # of Additions

A-Ch) = Ach- l) t Ach-2) t I

A- (n) - Ach- l) - Ach-27=1 ← inhomogeneous



( Acn) -11 ] - [ Ach-D -11] - [ Ach-27-113=0

Bcn) = Acn) -11

Bcn) - B Ch-D - Bcn-23=0 ← homogeneous

ALGEBRAIC functions

Algebraic structure

° sets together with zero or more operations , each of which
is a function from Sk-75 where k is arity

•

groups , rings , fields , vector spaces

Groupoid
. CS

,
-0) if S is closed under ④

'

eg :
CN
,
t)

,
(2

,
- )
,
CQ
,
*) etc.

Group
° IS , -01) if following properties hold

closure
- identity
-

associativity
- inverse

Abelian group
.

group CS
,
-①) that also satisfies the commutative

property



Ring
° set with 2 binary operations + and x

, satisfying the
following properties

I . LR , t) is a commutative group

2 . x is associative

3 . Distributive law holds in R

Catb) x c = axe t axb

ES!
integer rings

. matrix rings
° polynomial rings

FIELD

° set with 2 binary operations + and x
, satisfying the

following properties

1 . LF
, t) is a commutative group

2 . LF - fo}
,
x) is a commutative group

3 . Distributive law holds in F

Catb) = axe t axb


